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 Abstract 

 In  this  paper,  we  examine  the  Friedmann  equations.  The  three  types  of  solutions  to  the  Friedmann  equations 
 are  presented  and  studied.  By  analyzing  a  differential  equation,  the  initial  energy  density  corresponding  to 
 each  type  of  solution  is  determined.  Numerical  solutions  by  computer  algorithms  are  presented  as  examples. 
 A  3D  graph  is  created  to  illustrate  the  corresponding  energy  densities,  and  a  formula  is  derived  to  determine  if 
 the end behavior of the universe falls under a specific category. 
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 1.  Introduction 

 The  universe  contains  everything  known  to 
 humanity,  yet  its  real  nature  is  still  not  thoroughly 
 understood.  With  the  current  model,  the  basic 
 structure  of  the  universe  in  which  the  fundamental 
 laws  of  physics  are  defined  can  be  summarized  as  a 
 combination  of  space  and  time,  or  space-time.  As  we 
 will  see  later  in  the  paper,  certain  measurable 
 quantities  are  relative  and  can  vary  across  reference 
 frames,  which  are  defined  by  the  motion  of  the 
 observer.  The  universe  defined  by  space-time  also 
 contains  various  types  of  matter-energy  densities, 
 including  ordinary  and  dark  matter,  radiation,  and 
 possibly dark energy. 

 When  one  takes  a  large  scale,  the  universe  has  two 
 basic  properties:  homogeneity  and  isotropy.  A 
 universe  being  homogeneous  has  no  preferred 
 location,  and  a  universe  being  isotropic  has  no 
 preferred  direction.  In  other  words,  the  universe  is 
 spatially  symmetric  on  a  large  enough  scale,  no 
 matter  where  you  are  and  in  which  direction  you 
 look.  These  two  properties  allow  the  study  of  the 
 universe, on a fundamental level, as a whole entity. 

 The  spacetime  itself  also  changes  with  time:  the 
 spatial  dimension  of  the  universe  contracts  or 
 expands  according  to  its  current  curvature  and 
 matter-energy  composition.  One  should  not  confuse 
 the  change  in  space  itself  with  objects  moving 
 towards  or  away  from  each  other.  To  visualize  the 
 expansion  of  the  universe,  we  can  consider  the 
 2D-surface  of  an  inflating  balloon:  while  points  on 
 the  balloon  don’t  move,  the  distance  between  them 
 becomes  larger.  The  expansion  of  the  universe  works 
 in  a  similar  way,  except  that  the  space  is  3D.  It  is 
 widely  believed  that  our  universe  started  in  a  “big 
 bang”  and  expanded  from  a  point,  the  singularity,  to 
 its current spatial dimension. 

 To  mathematically  describe  the  dynamics  of  the 
 universe,  the  Friedmann  equations  were  created 
 based  on  Albert  Einstein’s  theory  of  general 
 relativity.  Given  the  initial  energy  density  and 
 curvature  of  the  universe,  we  can  use  the  Friedmann 
 equations  to  predict  the  size  of  the  universe  at  a 
 specific time. 

 The  Friedmann  equations  were  developed  during 
 the  1920s  by  Russian  scientist  Alexander  Friedmann. 
 However,  in  favor  of  the  static  model  of  the  universe, 
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 Einstein  originally  commented  that  the  Friedmann 
 equations  were  merely  a  mathematical  “curiosity”. 
 After  Edwin  Hubble  concluded  on  the  recession  of 
 distant  galaxies  that  experience  redshift,  the 
 Friedmann  equations  gained  significant  scientific 
 importance  and  served  as  a  tool  to  understand  the 
 evolution  of  our  universe  (Kay,  n.d.).  In  this  paper,  I 
 will  solve  the  Friedmann  equations  in  a  fully  general 
 framework,  predicting  the  evolution  of  universes, 
 whether  it  be  our  own  universe  or  other  possible 
 ones, under given initial conditions. 

 2.  Background and Notations 

 2.1. The Scale Factor 

 The  scale  factor,  denoted  by  𝑎(𝑡),  is  a  measure  of 
 the  relative  size  of  the  spatial  dimension  of  the 
 universe.  The  time  derivative  of  the  scale  factor, 
 𝑑𝑎/𝑑𝑡,  represents  the  rate  at  which  the  universe 
 contracts  or  expands.  The  relation  between  the  scale 
 factor and the space-time separation is given by: 

 (1) ∆ 𝑠  2 =−  𝑐  2 ∆ 𝑡  2 +  𝑎 ( 𝑡 )(∆ 𝑥  2 + ∆ 𝑦  2 + ∆ 𝑧  2 )

 Here,  ∆𝑠  is  the  space-time  separation,  and  ∆𝑡,  ∆𝑥,  ∆𝑦, 
 ∆𝑧,  represent  respectively  the  separation  in  time 
 component,  and  separation  in  spatial  𝑥,  𝑦,  𝑧  direction. 
 As shown, the 𝑎(𝑡) is a factor without units multiplied 
 before  the  spatial  dimension.  As  a  factor  without 
 units  is  relative,  the  scale  factor  is  not  explicitly 
 measurable.  For  simplicity,  the  scale  factor  is 
 normalized  to  be  one  at  the  current  moment 
 (𝑎(𝑡  𝑛𝑜𝑤  )=  1  ). 

 2.2. Curvature 

 While  the  universe  can  expand  or  contract,  its 
 spatial  dimension  also  has  an  intrinsic  curvature.  The 
 curvature  constant,  𝜅  ,  gives  the  sign  of  curvature.  An 
 isotropic  and  homogeneous  universe  can  be  positively 
 curved  (  𝜅  =  +  1  ),  negatively  curved  (  𝜅  =  −  1  )  or  flat 
 (  𝜅  =  0  ).  The  radius  of  curvature  𝑅  0  represents  how 
 much  the  universe  is  curved.  A  flat  universe 
 resembles  a  plane  in  3D  while  positive  curvature 
 corresponds  to  a  sphere  and  negative  curvature  looks 
 like a saddle. 

 Figure 1. Positively curved 2D universe embedded in 
 a 3D geometry (  𝜅  = +  1  ). 

 Figure  2.  Negatively  curved  2D  universe  embedded 
 in a 3D geometry (  𝜅  = −  1  ). 

 2.3. Energy Densities 

 The  energy  in  the  universe  can  be  classified  into 
 three  basic  categories:  baryonic  matter, 
 electromagnetic  radiation,  and  the  cosmological 
 constant,  the  so-called  dark  energy.  In  a  more  general 
 sense,  the  concept  of  baryonic  matter  can  be  extended 
 to  everything  with  mass  moving  at  a  much  slower 
 speed  than  light  (non-  relativistic).  Electromagnetic 
 radiation  can  include  everything  traveling  at  or  near 
 the  speed  of  light  (relativistic),  such  as  neutrinos. 
 These  two  energy  components  will  be  called  ‘matter’ 
 and ‘radiation’ in the remainder of this paper. 

 Mathematically,  energy  density,  𝜖,  is  the  amount 
 of  energy  over  a  specific  volume  of  space.  Recall  that 
 by  elementary  thermodynamics,  𝑃  ×  ∆𝑉  =  Work. 
 Since  𝜖  =  𝐸/𝑉,  there  is  a  direct  relationship  between 
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 pressure,  𝑃,  and  the  energy  density.  Assuming  𝑃  =  w  𝜖, 
 w  be  a  constant  for  each  of  the  substances  mentioned 
 above,  one  can  determine  the  value  of  𝑤  through 
 basic laws of physics. 

 Matter 
 From  Einstein’s  mass  energy  law,  the  rest  energy 

 of  a  mass  is  𝐸  =  𝑚𝑐  2  .  For  low  density  gas  particles 
 that  permeate  most  of  the  universe,  𝑃𝑉  =  𝑁𝑘𝑇  = 

 .  Substituting,  𝜖  =  𝐸/𝑉  =  (  3  𝑐  2  /𝑣  2  )𝑃,  so  1 
 3  𝑚𝑣  2 

 Since  matter  is  non-relativistic  (𝑣  <<  𝑐),  𝑤 =  𝑣  2 

 3  𝑐  2 .

 w  m  =  0  . 

 Radiation 
 With  the  similar  logic  and  intuition,  since 

 radiation is relativistic (𝑣 ≈ 𝑐), so  w  𝑟  =  1  /  3  . 

 Cosmological Constant 
 The  Cosmological  constant  is  often  denoted  𝛬. 

 The  discussion  of  the  derivation  energy  density  for 
 cosmological  constant  is  beyond  the  scope  of  this 
 paper. We will take the 
 following two results: 
 1.  w  𝛬  = −1 
 2.  The  energy  density  of  the  cosmological  constant 
 can  be  negative.  That  is,  𝜖  𝛬  <  0  exists,  while  such 
 value  is  impossible  for  matter  and  radiation.  A 
 negative energy density of the cosmological constant, 
 or  dark  energy,  will  “push”  the  universe  apart  and 
 accelerate  the  expansion.  Intuitively,  one  can  think  of 
 dark  energy  as  the  opposite  counterpart  of  gravity.  A 
 full  derivation  could  be  found  in  “Cosmological 
 Constant”  (Davis  and  Griffen,  2010).  The  total 
 energy  density  will  be  the  sum  of  energy  from  each 
 component. 

 2.4. The Friedmann Equations 

 The  Friedmann  equation  gives  the  relationship 
 between  rate  of  change  of  the  scale  factor  and  the 
 universes’ current composition: 

 (2)  𝐻  2  𝑡 ( ) ≡  𝑎 ˙

 𝑎 ( ) 2 
=  8π  𝐺 

 3  𝑐  2 ϵ  𝑡 ( ) −  κ  𝑐  3 

 𝑅 
 0 
 𝑎  2 ( 𝑡 )

 𝑎(𝑡)  is  the  scale  factor.  𝜖(𝑡)  is  the  energy  density.  G  is 

 the  universal  gravitational  constant  and  c  is  the  speed 
 of  light.  𝜅  is  the  curvature  constant  and  𝑅  0  is  the 
 radius  of  curvature.  𝐻  is  defined  as  the  Hubble 
 parameter. 

 In  this  equation,  energy  density  becomes  a 
 variable  as  the  spatial  dimension  of  the  universe 
 changes.  Therefore,  to  solve  for  𝑎(𝑡),  Another 
 differential  equation  is  needed  to  relate  𝑎(𝑡)  and  𝜖(𝑡). 
 The  fluid  equation,  also  called  second  Friedmann 
 equation, serves this purpose: 

 (3) ϵ̇ +  3  𝑎 ˙

 𝑎  ϵ +  𝑃 ( ) =  0 

 Where  𝑃  denotes  the  pressure  of  the  universe.  As 
 discussed  above,  𝑃  =  𝑤𝜖,  where  the  value  of  𝑤  varies 
 across different types of energy. 

 (4) ϵ̇ +  3  𝑎 ˙

 𝑎  ϵ ( 1 +  𝑤 ) =  0 

 Integration with separation of variables gives 

 (5) ϵ( 𝑎 )   =    ϵ
 0 
 𝑎 − 3 ( 1 + 𝑤 )

 Going  back  to  the  cosmological  constant,  since 
 w  𝛬  =  −  1  ,  the  energy  density  of  the  cosmological 
 constant is indeed a constant over scale factor. 

 2.5. Critical Density and the Density Parameter 

 Define  the  critical  density  at  current  time  𝜖  𝑐,  0  as 
 the  energy  density  necessary  for  the  universe  to  be 
 flat (𝜅 =  0  ): 

 (6)  𝐻 
 0 
 2 ≡  8 π 𝐺 

 3  𝑐  2 ϵ
 𝑐 , 0 

 𝐻  0  ,  the  Hubble  constant,  is  unique  for  each 
 universe  and  explicitly  measurable.  Since  𝐻  0  is 
 constant  in  Friedmann’s  equation,  if  𝜖  >  𝜖  𝑐  ,  𝜅  must  be 
 positive,  which  corresponds  to  a  positive  curvature. 
 Similarly, 𝜖 < 𝜖  𝑐  implies a negatively curved universe. 

 To  compare  energy  density  with  critical  density, 
 we  use  the  density  parameter  to  normalize  the  energy 
 density.  Define  the  density  parameter,  𝛺  0  ,  as  the  ratio 
 of energy density to critical density. 

 (7) Ω
 0 

≡
ϵ

 0 

ϵ
 𝑐 , 0 

 Based  on  the  discussion  above,  𝛺  0  <  1  implies  a 
 negative  curvature  while  𝛺  0  >  1  implies  a  positive 
 curvature. Manipulating the above equation: 

 (8) Ω
 0 

=  1 + κ 𝑐  3 

 𝑅 
 0 
 𝐻 

 0 
 2 
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 (9) κ 𝑐  3 

 𝑅 
 0 

=  𝐻 
 0 
 2 (Ω

 0 
−  1 )

 Considering result from equations 2, 5, and 9 

 (10)  𝐻 ( 𝑎 ) 2 =  𝐻 
 0 
 2 Ω

 0 

 𝑎  3 + 3  𝑤 +
 1 −Ω

 0 

 𝑎  2 ( )
 2.6. The Final Equation to Solve 

 Like  energy  density,  the  density  parameter  is 
 summed  up  by  components.  Therefore,  substituting 
 the  values  of  𝑤  for  each  of  the  three  types  of  energy 
 into equation 10 will yield: 

 (11)  𝐻  2 

 𝐻 
 0 
 2 =

Ω
 𝑟 , 0 

 𝑎  4 +
Ω

 𝑚 , 0 

 𝑎  3 + Ω
Λ, 0 

+
 1 −Ω

 0 

 𝑎  2 

 where  𝛺  𝑚,0  ,  𝛺  𝑟,0  and  𝛺  𝛬,0  represent  the  initial  (t  =  0) 
 density  parameters  for  matter,  radiation,  and 
 cosmological constant. 

 (12) Ω
 0 

+ Ω
 𝑟 , 0 

+ Ω
 𝑚 , 0 

+ Ω
Λ, 0 

 Recall  that  H  =  and  𝐻  0  is  a  constant.  Thus,  the  𝑎 ˙

 𝑎 

 equation  is  simplified  to  a  first  order  differential 
 equation.  The  equation  relates  𝑑𝑎/𝑑𝑡,  the  rate  of 
 expansion,  with  𝑎(𝑡),  the  current  spatial  dimension. 
 Also  note  that  different  energy  compositions,  𝛺  𝑚,  0  , 
 𝛺  𝑟,  0  and  𝛺  𝛬,  0  ,  are  multiplied  to  different  powers  of 
 𝑎(𝑡)  and  thus  contribute  to  the  expansion  of  the 
 universe  at  different  degrees.  Changing  the  initial 
 density  parameters  will  generate  universes  with 
 drastically different end behaviors. 

 At  a  very  small  value  of  𝑎(𝑡),  𝛺  𝑟,  0  will  dominate 
 the  left-hand  side,  making  radiation  the  biggest  factor 
 in  the  early  stages  of  the  universe.  As  𝑎(𝑡)  increases, 
 the  mass  term  dominates.  When  𝑎(𝑡)  becomes  large 
 enough,  the  cosmological  constant  term  will 
 dominate  and  determine  the  evolution  of  the  late 
 universe.  As  we  will  see  later  in  the  paper,  knowing 
 the  cosmological  constant  and  curvature  (𝛺  0  )  allows 
 one  to  completely  predict  the  end  behavior  of  the 
 universe. 

 2.7. Possible End Behaviors of Universes 

 Transforming equation 11 

 (13)  𝑑𝑎 
 𝑑𝑡 ( ) 2 

=  𝐻 
 0 
 2 Ω

 𝑟 , 0 

 𝑎  2 +
Ω

 𝑚 , 0 

 𝑎 + Ω
Λ, 0 

 𝑎  2 +  1 − Ω
 0 ( )

 First,  to  keep  the  function  in  real  space,  the  left 
 side  of  equation  13  must  not  be  negative,  and  because 
 of  the  nature  of  squares,  there  can  be  two  solutions  of 
 different  signs.  For  certain  values  of  the  density 
 parameters,  the  left  side  is  positive  for  all  positive 
 values  of  𝑎(𝑡)  (scale  factor  is  always  positive).  In 
 such  cases,  one  can  safely  take  the  positive  value  of 
 𝑑𝑎/𝑑𝑡  without  running  outside  the  domain.  Thus, 
 𝑑𝑎/𝑑𝑡  remains  positive,  and  the  universe  will  expand 
 forever.  We  call  this  case  the  Big  Chill,  and  an 
 example  of  its  dynamics  is  shown  in  Fig.  4.  In  the 
 figure  below  and  the  set  of  graphs  that  follows,  we 
 explicitly  and  arbitrarily  choose  the  parameters  to 
 illustrate each type of universe. 

 Figure  3.  The  function  shown  in  this  series  of  graphs 
 is  obtained  from  equation  13  by  dividing  over 
 𝐻  0 

 2  .The  numbers  in  this  specific  graph  were 
 arbitrarily  chosen  to  illustrate  a  Big  Chill  Universe 
 (𝛺  𝑟,  0  =  0  .  08  ,  𝛺  𝑚,  0  =  0  .  2  and  𝛺  𝛬,  0  =  0  .  7  ).  Asdiscussed, 
 roots  in  (𝑑𝑎/𝑑𝑡)  2  marks  the  time  when  the  universe 
 contract  to  avoid  imaginaries.  For  the  number  chosen, 
 the  equation  has  no  positive  root,  implying  a 
 never-ending fate of expansion. 

 Figure  4.  The  change  in  scale  factor  over  time 
 corresponding  to  the  Big  Chill  universe  shown  in 
 figure  3.  𝐻  0  is  the  Hubble  time,  a  big  number  used  to 
 normalize  time.  (𝐻  0  ≈  1  .  4  ×  10  10  years).  Here,  the 
 universe  expands  to  approximately  1800  times  its 
 original  dimension  and  will  continue  to  expand  with 
 increasing speed. 
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 If  the  left  side  equation  is  only  positive  for  small 
 values  of  𝑎,  the  equation  will  be  imaginary  beyond  a 
 critical  scale  factor,  at  which  the  left  side  is  zero. 
 Thus,  the  universe  must  contract  once  it  reaches  such 
 a  critical  scale  factor,  and  we  do  this  mathematically 
 by  taking  the  negative  square  root  solution.  In  this 
 case,  the  universe  expands  to  a  maximum  spatial 
 dimension  and  contracts  back  to  a  singularity,  which 
 is given the name  Big Crunch  . 

 Figure  5.  The  graph  of  a  Big  Crunch  universe.  As 
 shown,  the  function  is  negative  for  big  scale  factors. 
 When  the  scale  factor  reaches  approximately  2.2,  the 
 root  where  (𝑑𝑎/𝑑𝑡)  2  turns  negative,  the  universe  must 
 start  to  contract,  taking  the  negative  solution  of 
 𝑑𝑎/𝑑𝑡.The  density  parameters  in  this  specific  graph 
 were  arbitrarily  chosen  to  illustrate  a  Big  Crunch 
 Universe. (𝛺  𝑟,  0  =  0  .  08  , 𝛺  𝑚,  0  =  0  .  2  , 𝛺  𝛬,  0  =  −  0  .  2  ) 

 Figure  6.  The  change  in  scale  factor  over  time 
 corresponding  to  the  Big  Crunch  universe  in  figure  5. 
 In  the  period  of  six  Hubble  times,  this  universe 
 expands  to  𝑎(𝑡)  ≈  2.2  and  crunches  back  to  a 
 singularity. 

 Alternatively,  if  the  left  side  is  only  positive  for 
 large  values  of  𝑎,  the  universe  starts  with  a  positive 
 scale  factor,  contracts  to  the  critical  scale  factor,  and 
 bounces  back  to  expand  forever.  This  corresponds  to 
 taking  the  negative  solution  before  reaching  the 
 critical  scale  factor  and  taking  the  positive  one 
 afterwards. This case is named the  Big Bounce  . 

 Figure  7.  The  density  parameters  and  initial  scale 
 factor  are  arbitrarily  chosen  to  illustrate  Big  Bounce 
 (𝛺  𝑟,  0  =  0  .  08  ,  𝛺  𝑚,  0  =  0  .  2  and  𝛺  𝛬,  0  =  2  ,  𝑎  0  =  4  ).  The 
 function  for  this  Big  Bounce  universe  is  negative  for 
 an  interval  between  0  and  1.  Thus,  if  the  universe 
 contracts  from  a  higher  initial  scale  factor  (4  in  this 
 case),  it  will  need  to  reverse  and  expand  back  to 
 avoid imaginary 𝑑𝑎/𝑑𝑡. 

 Figure  8.  The  change  in  scale  factor  over  time 
 corresponding  to  the  Big  Bounce  universe  in  Fig  7. 
 One  can  see  that  the  universe  starts  by  contracting  but 
 “bounces” back into expansion at 𝑡 ≈ 2.5𝐻  0  . 

 3.  Results and Discussion 

 According  to  the  observational  data  on  the  density 
 parameters,  our  universe  will  have  the  fate  of 
 expansion  to  eternity.  This  section  examines  other 
 possibilities  of  the  density  parameters  and  the 
 corresponding  behavior  of  those  universes,  answering 
 the  essential  question  of  “what  if  things  were 
 different”. 

 We  will  start  by  examining  the  corresponding  end 
 behaviors  for  each  combination  of  density 
 parameters.  Because  the  scale  factor  is  always 
 positive, equation 13 will have the same sign as: 

 (14) Ω
 𝑟 , 0 

+ Ω
 𝑚 , 0 

 𝑎 + Ω
Λ, 0 

 𝑎  4 + ( 1 − Ω
 0 
) 𝑎  2 

 We  can  analyze  the  number  of  positive  roots  and 
 sign  of  the  end  behavior  of  the  above  polynomial  to 
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 determine  if  it  belongs  to  Big  Crunch,  Big  Bounce  or 
 Big  Chill.  By  definition,  𝛺  𝑚,  0  and  𝛺  𝑟,  0  are  positive,  so 
 the  type  of  end  behavior  is  completely  determined  by 
 the values of 𝛺  𝛬,  0  and 𝛺  0  . 
 ●  If  𝛺  𝛬,  0  <  0  ,  meaning  a  negative  energy  density 

 from  the  cosmological  constant,  the  polynomial 
 has  a  negative  leading  coefficient  and  will  be 
 negative  for  large  𝑎(𝑡).  This  corresponds  to  a  Big 
 Crunch case. 

 ●  If  𝛺  𝛬,  0  =  0  ,  without  energy  contribution  from  the 
 cosmological  constant,  the  end  behavior  of  the 
 polynomial  depends  on  𝛺  0  ,  which  relates  to 
 curvature of the universe. 
 ○  The  polynomial  has  a  negative  end  behavior 

 if  𝛺  0  >  1  ,  which  implies  positive  curvature. 
 This  means  that  a  positively  curved  universe 
 without  the  cosmological  constant  will  end 
 in Big Crunch. 

 ○  The  polynomial  has  a  positive  end  behavior 
 if  𝛺  0  ≤  1  ,  which  implies  negative  or  zero 
 curvature.  This  means  that  a  negatively 
 curved  or  flat  universe  without  the 
 cosmological  constant  will  expand  forever 
 (Big Chill). 

 ●  If 𝛺  𝛬,0  > 0: 
 ○  If  the  universe  is  negatively  curved  or  flat 

 (𝛺  0  ≤  1  ),  the  positive  values  of  all 
 coefficients will make this a Big Chill case. 

 ○  If  the  curvature  is  positive  (𝛺  0  >  1  ), 
 interesting  behaviors  arise,  and  will  be 
 discussed in detail shortly. 

 Figure  9.  3D  graph  of  density  parameters  showing 
 end  behaviors  (The  region  that  is  not  shaded  can  have 
 multiple  behaviors  and  will  be  discussed  in  the  next 
 section) 

 If  𝛺  𝛬,  0  >  0  and  𝛺  0  >  1  ,  as  discussed  previously, 
 equation  14  will  have  a  positive  end  behavior. 

 According  to  theDescartes  rule  of  sign,  the  equation 
 can  have  zero,  one,  or  two  positive  roots.  For  the 
 zero-root  case,  the  universe  will  obviously  end  in  Big 
 Chill. 

 If  it  has  two  positive  roots,  the  equation  will  be 
 negative  for  the  interval  between  the  roots.  Thus,  if 
 the  universe  starts  from  a  small  spatial  dimension,  it 
 will  reach  a  critical  scale  factor  from  the  smaller  root 
 side and crunch back. 

 If  the  universe  starts  with  a  large  enough  spatial 
 dimension,  it  will  reach  the  larger  root  and  reverse  to 
 end  in  a  Big  Bounce.  We  classify  this  type  of 
 universe  as  a  combination  of  Big  Crunch  and  Big 
 Bounce.  Figure  7.  can  be  referenced  for  this  type  of 
 universe. 

 With  the  help  of  a  computer,  one  can  map  out  the 
 boundaries  in  (𝛺  𝑚,  0  ,  𝛺  𝑟,  0  ,  𝛺  𝛬,  0  )  space  between  Big 
 Chill and such Big Bounce/Big Crunch universes 

 Figure  10.  The  plot  of  the  boundary  in  a  larger 
 window  (0-400).  The  colored  region  represents 
 energy  densities  corresponding  to  the  Big  Chill 
 universe;  the  empty  space  surrounding  it  represents 
 the  Big  Bounce  cases.  Thus,  when  a  large  range  of 
 density  parameters  is  considered,  Big  Bounce  and 
 Big Crunch are the fate for most universes. 

 Alternatively,  the  classification  can  be  determined 
 by  the  value  of  a  determinant,  however  it  will  give  a 
 notoriously long implicit function. 

 Let 

 (15)  𝑠 =
 3 Ω

 𝑚 , 0 
+  9 Ω

 𝑚 , 0 
 2 + 32 Ω

 𝑟 , 0 
(Ω

 0 
− 1 )

 4 (Ω
 0 
− 1 )

 and define the determinant to be: 

 (16) ∆ =  2 Ω
 𝑟 , 0 

+ Ω
 𝑚 , 0 

 𝑠 −  2 Ω
Λ, 0 

 𝑠  4 

 𝛥  ≥  0  corresponds  to  the  Big  Bounce/Big  Crunch 
 case, while 𝛥 <  0  implies a Big Chill universe. 
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 As  shown,  the  boundaries  are  approximately 
 planar.  In  the  limit  of  𝛺  𝑚,  0  approaches  infinity,  𝑠  is  a 
 finite  constant,  so  that  the  second  equation  will 
 approach a plane as 𝛺  𝑚,  0  becomes larger. 

 Figure  11.  The  boundary  near  the  origin.  By 
 analyzing  the  figure,  one  can  see  that  among 
 universes  with  small  but  positive  curvatures,  the  ones 
 with  larger  energy  contribution  from  the 
 cosmological  constant  will  more  likely  end  in  a  Big 
 Chill. 

 4.  Conclusion 

 The  Friedmann  equations  enable  the  study  of  the 
 change  of  the  universe’s  overall  spatial  dimension 
 over  time.  The  examination  of  possible  solutions  to 
 the  Friedmann  equations  provides  an  insight  into  the 
 end  behaviors  of  universes:  Big  Chill,  Big  Crunch, 
 Big  Bounce.  The  range  of  initial  energy  density  for 
 each  final  destiny  is  both  graphed  and  solved 
 analytically,  which  provides  a  simple  way  to  predict 
 the  end  behavior.  The  paper  gives  a  fully 
 generalizable  framework  to  classify  the  evolution  of 
 the  universe  through  both  numeric  and  analytic 
 approaches-it  allows  us  to  study  the  universe’s  past 
 and  future  based  on  only  a  few  parameters.  As  new 
 data  of  the  energy  composition  of  our  universe  is 
 released,  the  results  from  this  paper  can  contribute  to 
 the analysis of its fate. 
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